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■ Abstract. For a real symmetric domain GR/i^TR, with complexification Gc/Kc, we intro- 

duce the concept of "star-restriction" (a real analogue of the "star-products" for quantiza- 
tion of Kahler manifolds) and give a geometric construction of the GiR-invariant differential 
^ ^ operators yielding its asymptotic expansion. 

(~| . Key words: bounded symmetric domain; Toeplitz operator; star product; covariant quanti- 

zation 
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^ '. 1 Introduction 

(N . 

\^ . Geometric quantization of (complex) Kahler manifolds is of particular interest for symmetric 

I manifolds B = G/K (of compact or non-compact type). In this case the Hilbert state space H 

CN ' carries an irreducible representation of G, whereas the various star products (Weyl calculus, 

Toeplitz-Berezin calculus) describe the (associative) product of observables (operators on H) as 
\ an asymptotic series of G-invariant bi-differential operators on B. 

In this paper we introduce and study similar concepts for real symmetric manifolds (of flat 
or non-compact type), emphasizing the interplay between the real symmetric space and its 
"hermitif ication" which is a complex hermitian space (of flat or non-compact type) . In general, 
I for a real-analytic manifold B^ of dimension n, a complexification B^ is a complex manifold of 

(complex) dimension n, with B^ embedded (real- analytically) as a totally real submanifold [H 
[I6l[29]. If = G^/K^ is a symmetric space, for a real (reductive) Lie group Gjr with maximal 
compact subgroup K^, we write its hermitif ication as Be = Gc/Kc, where Gc denotes the 
(real, semi-simple) biholomorphic isometry group and K£ is the maximal compact subgroup. 
Thus, contrary to the usual notational conventions, Gc is not the complexification of Gk but 
the real Lie group "in the complex setting". For example, if Gr = SU{1, 1) then Gc is given by 
SU{1, 1) X SU{1, 1) instead of 5L(2,C); similarly, for Gr = S0{1, 1) we have Gc = SU{1, 1). 

On the level of states, the interplay between a real symmetric space B^ = Gk/Kr and 
its hermitif ication Be = Gc/Kc corresponds to a "real- wave" realization of Hq via a Segal- 
Bargmann transformation [37j . which is invariant under the subgroup Gjr C Gc- On the other 
hand, the real analogue of the star-product is not so obvious. In this paper (and its companion 
paper [22]) we introduce such a concept, called "star-restriction" for real symmetric domains 
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of non-compact type and study its asymptotic expansion as a series of Gig-invariant differential 
operators. Whereas the paper |22j estabhshes existence and uniqueness of the asymptotic expan- 
sion, closely related to spectral theory and harmonic analysis (spherical functions), the current 
paper gives a "geometric construction" of the differential operators involved, based on a Gr- 
invariant retraction tt : Be — > Sr. 

We emphasize that our *-restriction operator is a Guj-equivariant map 



instead of a map C°°{B^) (g) C°°{Bfi) C°^{Bk) analogous to the usual *-products. Thus we 
do not propose a quantization method for general real symmetric domains (which may not 
be symplectic nor even dimensional) but instead consider invariant operators which somewhat 
resemble boundary restriction operators such as Szego or Poisson kernel integrals. In case B^ is 
the underlying real manifold of a complex hermitian domain B, then both concepts coincide and 
indeed yield the well-known covariant quantization methods applied to the Kahler manifold B. 

In order to illustrate the two concepts, consider the simplest non-flat case of the open unit 
disk B C C and its real form B^ = (—1, 1) C M. The complexification B'^ coincides with B, and 
we have a restriction operator p, mapping a smooth function f on B = B'^ to its restriction pf 
on B^. A star-restriction is a deformation of the operator p, obtained by adding smooth, 
but non-holomorphic, differential operators on B as higher order terms. In the context of 
symmetric domains, these differential operators should be invariant under the subgroup of 
the holomorphic automorphism group G of B which leaves Br invariant. 

Now consider instead the (usual) complex situation. Here B is regarded as a real (symplectic) 
manifold, denoted by B^, whose complexification B^ is the product of B and its complex 
conjugate B, with B* embedded as the diagonal. Then a star-product, regarded as a bilinear 
operator acting on f ® g (with /, g smooth functions on B), is precisely a deformation of the 
usual product f ■ g hy (G-invariant) bi-differential operators on B or, equivalently, differential 
operators on B^ = B x B. Since f ■ g is nothing but the restriction of f g to the diagonal 
B^ C B^, we see that the concept of star-restriction yields in fact the star-product for the 
special case where the complexified domain is of product type. The higher-dimensional case is 
analogous. 

In order to state our main result concerning the asymptotic expansion (in the deformation 
parameter v) of a *-restriction operator as above, we first note that for the basic Toeplitz- 
Berezin calculus (the only case considered in detail here) the *-restriction operator is trivial 
for anti-holomorphic functions so that we may concentrate on the holomorphic part, which is 
a GR-covariant map 



Using deep facts from representation theory (of the compact Lie groups Kr and K^), we con- 
struct a family of differential operators 



indexed by integer partitions mi > ■■■ > rrir > (cf. Definition 13. and (in Theorem 13. 1|) 
express p^ as an asymptotic series 



e°^{Bc)^C^{B^) 



p,: 0{Bc) ^C^{Bu). 



p^: 0{Bc)^C°^{B^) 





where the constants [ 

^]m Ei^rG gGnercilizcd. PodilicLinnier symbols. 
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Using the Fourier-Helgason transform on B^, it is conceivable (see |22] for the details) that 
Piy can also be expressed as an oscillatory integral 

PuF{x)^ [ F(z)a,(z,x)e'^^(^'")dz, (1.2) 
JBc 

where a^, is a suitable power series in and the "phase" 5" is a function on Bq x B]s_ invariant 
under the diagonal action of Gr. This is reminiscent of the WKB-quantization programme 
of Karasev, Weinstein and Zakrzewski |35j . studied extensively in the context of symplectic 
(i.e. not necessarily Hermitian, or even Riemannian) symmetric spaces by Bieliavsky, Pevzner, 
Gutt, and other authors, see e.g. [HI [101 [El [E]- As has already been pointed out above, 
real symmetric domains need not be symplectic (in fact, they can even be of odd dimension), 
so neither of the two approaches contains the other, and the situations where they both apply 
include the original Kahler case of an Hermitian symmetric space. A thorough comparison of 
both methods is, however, beyond the scope of this paper. For the flat cases of B^ = and 
-Br = C^, the expansions ()1.2p were obtained quite explicitly, and for a whole one-parameter 
class of calculi which includes the Toeplitz calculus, by Arazy and the second author [5]. 

In Section [4] the asymptotic series (II. ip are computed for the simplest cases of (real or 
complex) dimension 1. In general, finding explicit formulas may be quite difficult, but there is 
some hope that at least all symmetric domains of rank 1 (i.e., hyperbolic spaces in M", C", 
and the Cayley plane) can be treated in a unified and explicit way. 

2 Preliminaries 

One of the most inspiring examples of deformation quantization is the Berezin quantization [71 [8] 
using the Berezin transform and Toeplitz operators (originally called co- and contra-variant 
symbols, respectively). Although it has subsequently been generalized and extended to various 
classes of compact and noncompact Kahler manifolds [151 \T9\ [28l [32] , the theory is still richest 
in its original setting of complex symmetric spaces, or bounded symmetric domains, in [9], 
due to the powerful machinery available from Lie groups and their representation theory on the 
one hand [261 134] , and from the theory of Jordan triple systems on the other [30] . 

More specifically, let i? = G/K he an irreducible bounded symmetric domain in in 
the Harish-Chandra realization, with G the identity connected component of the group of all 
biholomorphic self-maps of B and K the stabilizer of the origin. For v > p — 1, p being the 
genus of B, let H^{B) denote the standard weighted Bergman space on B, i.e. the subspace of 
all holomorphic functions in L"^ (B , dfi^) , with 

dfi^iz) = c^K{z,z)^-''/Pdz, 

where dz stands for the Lebesgue measure, K{z, w) is the ordinary (unweighted) Bergman kernel 
of B, and 0^ is a normalizing constant to make dpi, a probability measure. The space H^{B) 
carries the unitary representation U^'^^ of G given by 

U^'^fiz) = f{g-\z)) . Jg-.{zY'^, geG,fe Hl{B), 

where Jg denotes the complex Jacobian of the mapping g. (In general, if u/p is not an integer, 
then U^'^'^ is only a projective representation due to the ambiguity in the choice of the power 

jg-.{zr/^.) 

By a covariant operator calculus, or covariant quantization, on B one understands a mapping 
A : f ^ Af from functions on B into operators on H^{B) which is G-covariant in the sense that 



Afog = U^''^*AfU^''\ ygGG. 
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In most cases, such calculi can be built by the recipe 

JB 

where dfio is a G-invariant measure on B, and is a family of operators on Hl{B) labelled by 
C & B such that 

(One calls such a family a covariant operator field on B. One also usually normalizes the measure 
duo so that is the identity operator.) Note that in view of the transitivity of the action of G 
on B, any covariant operator field is uniquely determined by its value at the origin C = 0- 

The best known examples of such calculi are the Toeplitz calculus T and the Weyl calcu- 
lus W, corresponding to To = (-11)1 (the projection onto the constants) and Wo/(z) = f{—z) 
(the reflection operator), respectively. 

In addition to bounded symmetric domains, we will also consider the complex flat case of 
a Hermitian vector space B = Z ^ C^, with B = G/K for G the group of all orientation- 
preserving rigid motions of and K = U{Z) ~ Ud{C) the stabilizer of the origin in G; 
the spaces H'^{Z) will then be the Segal-Bargmann spaces of all entire functions which are 
square-integrable with respect to the Gaussian measure 

d^i,{z) = (^)'' e-^ll^ll' dz, 

and U^'^^ will be the usual Schrodinger representation. In this setting, the Weyl calculus W 
above is just the well-known Weyl calculus from the theory of pseudodifferential operators |25j . 

Given a covariant operator calculus A, the associated star product * on functions on B is 
defined by 

It follows from the construction that the star-product is G-invariant in the sense that 

{fo^)*{gocl)) = {f*g)ocj) (2.2) 

While f * g is a well-defined object for some calculi (e.g. for A = W, at least on and rank 
one symmetric domains, see [5]), in most cases (e.g. for A = T, the Toeplitz calculus), it makes 
sense only for very special functions /, g and (j2.ip is then usually understood as an equality of 
asymptotic expansions as the Wallach parameter tends to infinity. For instance, for A = T, 
it was shown in [14] that for any f,g& C°°{B) with compact support, 

as — > oo, for some bilinear differential operators Cj (not depending on /, g and v). (The as- 
sumption of compact support can be relaxed [18].) We can thus define f*g as the formal power 
series 

oo 

f*g:=Y^u-^G,{f,g). 

j=0 

Interpreting v as the reciprocal of the Planck constant, we recover the Berezin-Toeplitz star 
product [33], which is the dual to Berezin's original star-product mentioned above ^9\. (This ap- 
proach to the Berezin and Berezin-Toeplitz star-products, i.e. using covariant operator calculi 
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and the definition (|2.ip , is not the traditional way of constructing the G-invariant Berezin quan- 
tization, however, for the case of bounded symmetric domains these two are equivalent |2U|.) 

Viewing the Planck parameter v as fixed for the moment, the formula (j2.2p means that one 
can view * as a mapping from the tensor product 

* : C°°(S X ^ C°°{B) C°°(5) ^ C°°(S), fCi)g^f*g, 

which intertwines the G-action f>-^fo(j), (j)£G, on C°°{B) with the diagonal G-action 
f ®g ^ if ° <P) 'Si {g o (p) of G on C°"{B x B). This observation can be used as a starting point for 
extending the whole quantization procedure also to real bounded symmetric domains B^ C M'^, 
as follows. 

Suppose Zc is an irreducible hermitian Jordan triple \30\ [M] endowed with a (conjugate- 
linear) involution 

z ^ 

which preserves the Jordan triple product and therefore the unit ball -Be of Z^, i.e. (Bc)"^ = Be. 
Define the real forms 

:= {z e Zc ■■ z* = z}, 
B^:={zeBc:z* = z} = Zn Be- 

For the groups Gc := Aut(i?c)) := Aut(Zc) we have the subgroups 

GM.= {geGc:giz*)=giz)*}, 

:= {k£Kc: kz* = (kz)*} = Gr n Kc 

acting on B^ and Zr, respectively. In this situation Z^ is an irreducible real Jordan triple, Gr is 
a reductive Lie group (it may have a nontrivial center), and 

Br = Gk/Kr 

is an irreducible real bounded symmetric domain. Up to a few exceptions, all non-hermitian 
Riemannian symmetric spaces of non-compact type arise in this way j30| Chapter 11]. 

A covariant quantization (or covariant extension) on the real bounded symmetric domain Br 
is a map / ^ Af from C^^Br) into H'^{Bc) such that 

for all g £ Gr. The counterpart of the star product, associated to a covariant quantization A 
on Br and a covariant quantization A^ on Bq, is the star restriction 

p = p,: C^{Bc)^C°^iBR) 

defined by 

ApF = Ap, (2.3) 
where 

I{z)=I,{z)=K^''\z,z*)^/^ 

is the unique GjR-invariant holomorphic function on Be satisfying /(O) = 1. In addition, we will 
again consider the above construction also in the case of the Segal-Bargmann spaces for an 
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involutive Hermitian vector space Zc ~ C , with the ordinary complex conjugation as the 
involution z i— > z#; thus B = ~ W^. 

In most cases, covariant extensions can again be constructed by the recipe 

Af= [ /(C)A^/^o(C), 

where dfiQ is the GiR-invariant measure in B^, and is a family of holomorphic functions (not 
necessarily belonging to H^{B£)) labelled by C € B^ which is covariant in the sense that 

Ag^^) = U^/Uo G Gm, C G Br. 

As before, one usually normalizes dfiQ so that = /. The prime example is now the real 
Toeplitz calculus A = T corresponding to = 1 (the function constant one) [Ml EH HZl [U [3] ; 
there is also a notion of real Weyl calculus, but it is more complicated [1]. 

Here is how the complex hermitian case of a bounded symmetric domain B C from the 
beginning of this section can be recovered within the more general real framework. Identify B 
with the "diagonal" domain 

B^ := {{z,z) :zeB}cZ^:= {{z,z) : z e Z}, 

where the bar indicates that we consider the "conjugate" complex structure for the second 
component. The complexifications 

B^ = {{z,w) : z,w £ B} = B xB, 
Zl = {{z,W) : z,w £ Z} = Z xZ 

are endowed with the flip involution 

{z,w)'^ := {w,^) 

having fixed points B^ and Z^, respectively. Similarly we can identify G, K with the groups 

G^:={{g,g):g£G], 
:= {{k,k) -.kGK} 

which act "diagonally" on B^ and Z^, respectively, and whose complexifications 

Gc ■■= {{91,92) ■9u92^G} = Gx G, 
Kc := {(kiM) : ki,k2 £ K} = K xK 

act on Be and Zc with Be = Gc/Kc. 

Since H^{B) is a reproducing kernel space (with reproducing kernel K^'^\x,y) = h{x,y)~'^, 
where h(x,y) = [K(x,y)/cp]~^^P is the Jordan determinant polynomial), any bounded linear 
operator on H^{B) is automatically an integral operator: namely, 

Tf{z)= / f{w)f{z,w)dnu{w), 
Jb 

with 

f{z,w) = {T*K('^){-,z)){w) = {TK^''\-,w)\K^^\-,z)). 

This follows from the identity Tf{z) = {Tf\K^''\-,z)) = {f\T*K^''\-,z)). In this way, we may 
identify operators on H'^{B) with (some) functions on B x B, holomorphic in the first and 



Toeplitz Quantization and Asymptotic Expansions: Geometric Construction 



7 



anti-holomorphic in the second variable; that is, with holomorphic functions on Bq. Upon this 
identification, the covariant quantization rule f ^ Af becomes simply a (densely defined) 
operator f Af from C°°(i?K) into the Hilbert space 

corresponding to the Hilbert-Schmidt operators, and the covariance condition means that A 
is equivariant under ~ G, i.e. intertwines the G-action on the former with the diagonal 
G-action on the latter: 

Similarly, upon taking A^ = A^A, and identifying pairs /, g of functions on B with the function 
F{x,y) = f{x)g{y) on Be, (j2.3p reduces just to (j2.ip . Note, however, that the complexified 
domain Bq is now no longer irreducible, but of "product type". We will henceforth refer to 
this situation, i.e. of B^ = B, Bq = B x B with a bounded symmetric domain B C C^, as the 
"complex" case. 

To each covariant extension (or quantization) A we can consider its adjoint A* from H^Bc) 
into functions on B^, defined with respect to the inner products in H^Bc) and L?' [B^, dfio) . 
That is, 

{A*mL2 = U\A^)u, ycl)€L\B^,dfio), yfeH^Bc). (2.4) 

One sometimes calls A* a covariant restriction; this should not be confused with the star- 
restriction p, which is a map from C^{Bc) into functions on B^. 

One can also consider the associated link transform, which is the composition A* A, a Gk- 
invariant operator on functions on B^. In particular, for the Toeplitz calculus A = T, the link 
transform 

T*T =: 

is the Berezin transform, introduced for the 'complex'" case in Berezin's original papers (cf. Sec- 
tion [4] below). 

A crucial role in the analysis on complex bounded symmetric domains is played by the Peter- 
Weyl decomposition of holomorphic functions on B under the composition action / i— > / o of 
the (compact) group K. Namely, the vector space V of all holomorphic polynomials on 
decomposes under this action into non-equivalent irreducible components 

m 

labelled by partitions (or signatures) m G N!j_, that is, by r-tuples of integers mi > m2 > • • • > 
rur > 0, where r is the rank of B. With respect to the Fock inner product 

{p\q)F := [ p(z)^e-l^l' dz = p{d)q*{0), q*{z) := 

each Peter- Weyl space Vm possesses a reproducing kernel Km{z,w), z,w £ Z. It was shown by 
Arazy and 0rsted [2] that the Berezin transform admits the asymptotic expansion 

B,^ = 'Y^ as ly ^ +00, 
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where £m is the G-invariant differential operator on B determined (uniquely) by the requirement 
that 

£mfiO) = Kmid,d)fiO), V/GC°°(i?); 
while (z^)m is the multi-Pochhammer symbol 

_fr r(z.-f(i-i) + m,) 
^"^--n r(.-fa-i)) ' 

a being the so-called characteristic multiplicity of B. Analogously, it was shown in [T8| that the 
star-product (j2.ip arising from the Toeplitz calculus A = T admits an expansion 

m ^^'"^ 

where are certain (rather complicated) G-invariant (cf. (j2.2p ) bi-differential operators. 

The main purpose of the present paper is an extension of the last formula to real symmetric 
domains. That is, to obtain a decomposition of the star restriction operator 

m 

with some GR-invariant differential operators p"^ : C°°{Bc) C°°{B^) (independent of z^) and 
generalized "Pochhammer symbols" [i^]m- 

A prominent role in our analysis is played by holomorphic polynomials on Zq which are 
invariant under the group K^. In the Peter-Weyl decomposition under Kq mentioned above, 
partitions n for which Vn contains a nonzero i^TjR-invariant vector are called "even", and are 
in one-to-one correspondence with partitions m of length rjg = rankSR; furthermore, for each 
"even" Peter-Weyl space the subspace of iCjR-iiivariant vectors is one dimensional, consisting 
only of multiples of a certain polynomial which (under an appropriate normalization) we denote 
by E"^. For more details, including the description of E"^, bibliographic references, etc., as well 
as for the various preliminaries and notation not introduced here, we refer to [36^ I22j. 

The construction of the decomposition (j2.6p for general real symmetric domains is carried out 
in Section [3l In Section U] it is shown that the decomposition obtained indeed reduces to (|2.5p 
for the "complex" case. The final Section [5] contains a few examples with more or less explicit 
formulas for p™^ and [ 

^jm- For the reader's convenience, we are also attaching a table of all real 
bounded symmetric domains and their various parameters. 

In some sense, our results can be perceived as a step towards building a version of Berezin's 
quantization for real (as opposed to Kahler) manifolds as phase spaces. 



3 Invariant retractions and Moyal restrictions 

As a first step towards a geometric construction of asymptotic expansions for the Moyal type 
restriction, we obtain an integral representation for the Moyal restriction operator, defined in 
terms of Gs-invariant retractions 

TT : Be ^ -Br. 

Here i?R is an irreducible real symmetric domain of rank r, in its bounded realization (real 
Cartan domain) and Bq is the open unit ball of the complexification Zc, which is a complex 
hermitian bounded symmetric domain, not necessarily irreducible [30 1 [Ml [27] . 
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We will assume that the preimage vr ^ (0) of the origin G has the form 



(3.1) 



for some real vector subspace Y C -Be and real-linear XiR-invariant map A : Zq. Our con- 

struction in fact works even without these assumptions (cf. Remark l3.1l below). but all situations 
studied in this paper will be of the above form. 

Let he '■ Zc X Zq — > C denote the Jordan triple determinant (cf. [30]) of Zq and define the 
Berezin kernel 



B,,: Bf 



by 



B,{z) ■.= hc{z,zr/\hc{z,J)\'', (3.2) 
where z i— > is the involution with real form Note that hc{z,w) ^ for all z,w G Bq. 
Proposition 3.1. The Berezin kernel By is G'^-invariant, i.e., 

By{gz) = B,{z) 
for all g G and z G i?c- 
Proof. Since Gr C Gc we have 



hcigz,gwY = ju{g,z) hc{z,wY iu{g,w) 

for all z,w G i?C) where 

j,(<7,^) = [det g'{z)YlP 
and p is the (complex) genus of Be. For g G Gr we have 

g(zf = g{z^) 

and 

3u{a,z) = 3y{g,z^) 

since these relations are anti-holomorphic in z G i?c and hold for z = zK It follows that 

hcigz.gzf ^ hc{gz,gzY 

\hc{gz,{gzf)\- ~ hc{gz,g{zi)y/^hc{g{zi),gzr/^ 



ju{g,z) hc{z,zY ju{g,z) 



ju/2{9:Z) hc{z,Z^Yl'^ jy/2{g,Z^) ^2(5,^") hciz^^zY/"^ 3u/2{g,z) 



hc{z,zY ju/2{g,z) jy/2{g,z) _ hciz,zy 



\hc{z,zi)\- j^/,{g,zt) j,/2{g,zi) \hc{z,zi)\-- 
Another proof can be given by observing that, using the familiar transformation rule for he 

hcjz, z)hc{a,a) 

hc{gz,gz) 



\hc{gz,gz*)\ 



\hc{z,a)\'^ 
hciz,z*)hc{a,a) 



hc{z,a)hcia,z#) 



hc{z,z) hc{a,z) 
\hc{z,z#)\ hc{a,z#) 



where g G Gc and a = g ^(0). If 5 G Gr, then gz"^ = (gz)"^, while h(c{a,z'^) = hc{a'f^,z) 
hc{a,z) (as a* = a) whence |/ic(a, z^)| = \hc{a,z)\. Thus Bu{gz) =By{z). 



10 



M. Englis and H. Upmeier 



The relationship between the Moyal restriction operator 
and the Berezin kernel By is given by the following result. 

Proposition 3.2. For G G 0{Bc) and F G C°°{Bc) we have, if v is large enough, 



dxhc{x,x) — G{x){pyF){x)= / dzhc{z,z)-PBy{z){G/Iy){z)F{z), 

-Bk J Be 

where 

Iy{z) = hc{z,z^)-''/\ 
Proof. The Toeplitz restriction map 7^ satisfies 

{TiG){x) = hcix^xfl^ G{x) = [G/Iy){x) 
for all X G B^ |361 [6]. Using the duality relation (j2.4p and the definition (j2.3p of we obtain 

dxhc{x,xY-^G{x) {pyF){x) = I dx he (x, x) /2 (x) (x) 

-Br -Br 

= / dxhc{x,xr^/^jT^G){x){pyF){x) = {r^G\pyF)B,, = {G\T^PyF)y 

-Bk 

= (G|rc(F) I,), = {G\F ■ h)y = [ dz hc{z, zY~PG{z)F{z)h{z) 

J Be 

= I dzhc{z,zr~%G/h){z)F{z)\h{z)\\ 

JBc 

Since 

hc{z,zY\h{z)\'' = By{z) 
the assertion follows. ■ 
Corollary 3.1. For G G 0{Bc) and F G C°°{Bc), we have Pu(G F) = G p^F. 
It follows from (j3.1|) that 1" C is a A'ig-invariant subspace such that 

Zc = Zk®Y 

(direct sum of real vector spaces). For x G -Br, let 7^; G be the "transvection" sending 
to X, explicitly given by 

j,iy)=x + B{x,x)'/\y-n, 
where B is the Bergman operator and 

2/^ = B{y,x)-^{y-Qyx) 
is the so-called quasi- inverse [30] . 
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Lemma 3.1. The mapping ^ : x (y n Bq) — > Bq defined by 

$(x,y)=7^(y) (xe^M, y e Y n Be) 
is a real-analytic isomorphism, whose derivative at (0, y) is given by 

'^'iO,y)iC,r]) =C + r]- {y^y} 
for all ^ G = T^{Bk), rieY = Ty{Y D Be). 

Proof. For z G Bq, set x := ttz and y = j-xZ (= 'y~^z). Then x G B^ while, by the Gr- 
invariance of vr, 

Try = 'y-xTTZ = 'y.^x = 0, 

so y £ Y D Bq. This proves that $ is surjective. Similarly, if = ^{x',y') for some 

x,x' £ i?R and y,y' £ Y H Be, then x = 7^0 = 7xvry = TT^{x,y) = Tr^{x',y') = x' and 
y = 7_a;^>(x, y) = 7_a;'<^(x', y') = y' , showing that $ is injective. It remains to prove the formula 
for the derivative. For this, we will use some of the formulas collected in [30^ Appendix A1-A3]. 
For the quasi-inverse 

^{x,y) = x^ 
we obtain, by definition, 

^{C,y) = B{C,y)-\^-Q^y) 
and hence 

(9i^)(o,y)e = e- 

Using the symmetry formula |30l A3] we obtain 

^{x,T]) = x"^ = X + Qxir]'') = x + Qx B{ri,x)-^{r] - Q^x) 
and hence 

{d2^){x,0)T] = QxV- 

Now the addition formulas \30\ A3] yield 

{x + O"^ = xy + B{x,y)~\C^y^^) 
and hence 

{di^){x,y)^ = B{x,y)-Hdi^){0,y^)^ = B{x,y)-^^. 
Similarly, we have 

and hence, with (JP28) from [30l A2], 

id2^){x, y)r] = {d2^)ixy,0)r] = Q.yr, = B{x,y)-^QxV- 
It follows that 

^'{x,y){i,r^) = B{x,y)~\i + QxT]). 
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Since B{x, x)^^'^ is an even function of x, its derivative at x = vanishes and we obtain for 

y) = 7a;(y) = x + B{x, = x + B{x, -x) 

the derivatives 

dim y)C = C- d2'f{y, o)C = C - 

and 

52$(0,y)ry = di^{y,0)ri = B{y,Oy\ = rj. 
Therefore 

^'(0, ri) = {di<^m y)e + {d2<^m y)v = ^ + V- QyC ■ 
Corollary 3.2. For ally eY DBc we have det$'(0,y) = det^g(/ - Qy). 
Define : C°°(Bc) ^ C~(Sm) by 

:= hc{x,xr/^ [ dy F{j^y)\det<^'{x,y)\ ■ hc{j^y,j,yrPB,{y) 
JYnBc 

= hcix, xfl'' [ dy F(7, y) \ det y) | he (l.y, Txy)""^! /^c (7xy, (7..^)") I 

for all F e C°°{Bc) and x G Br. Here $'(x, y) is the derivative of $ at {x, y) e B^ x {Y D Be). 
If / G C°°(5m), then / o ^ G C°°(Sc) and 

(/ o vr)(7..y) = /(7xvr(y)) = fM) = f{x). 

It follows that 

V,{{foT,)F) = f-{V,F), (3.3) 
i.e. Vu behaves like a "conditional" expectation. 
Proposition 3.3. For F G C°°{Bc) we have 

dxhc{x,xyP'\VuF){x)= [ dzhciz,zrPB,{z)F{z). 

Br J Be 

Proof. The change of variables z = 7a; (y) = $(x, y) yields in view of the invariance of 

[ dzhc{z,z)-PB,{z)F{z)= [ dx [ dy\det<^'{x,y)\hc{7.y,j,y)-PB,{y)F{j,y) 

JBc JBr JYnBc 

dxhc{x,xyP/^{VyF){x). ■ 



-Be 

Corollary 3.3. The operator Vu is G^-invariant, i.e., we have 
Vu{Fog) = {VuF)og 

for all F G C°°(Bc) and g e Gr. 
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Proof. Let / G C°°{Br) be arbitrary. Using (j3.3p and the GiR-invariance of B^, and vr, we obtain 

dxhc{x,x)-P/''f{gx){ruF){gx) = [ dx hc{x,x)~P/^ru{{f o 7r)F){gx) 



I 

JBt 



dx hc{x, x)-P'^Vu{{f o tt)F){x) = dz hc{z, z)'PB,{z){f o Tr){z)F{z) 

Bw J Br 



Bb 



dzhciz, z)~PB,{gz){f o ^){gz)F{gz) 
dz hciz, zrPB,{z)if o 5)(vr(z))(F o g){z) 

Be 

dx hc{x, xyP/^V^m og)oTr){Fo g)){x) 

dxhc{x,x)-P/\f o g){x)VuiF o g){x). U 
For X = S we have in particular 

{V,F){0)= [ dy\det<^'{0,y)\B,{y)F{y)hc{y,yrP. (3.4) 

JYnBc 

Our next goal is to obtain an asymptotic expansion of (|3.4p . as z/ — > c«, using the method of 
stationary phase but also the more refined "i^K-invariant" Taylor expansion of F at G y. As 
a first step we recall that 

Y = AZr = {Ax: x£ Zm}, 

for an M-linear (but not necessarily C-linear) isomorphism A : Zq — > Zq which commutes 
with Kk. For / G C°°(Bm) we have / o A~^ eC°°{Y f] Be). Consider the distribution 

/^P,(/oA-i)(0) (3.5) 

on i?R, which by construction is A'lR-invariant. For any partition m G N!j_ let be the K^- 
invariant constant coefficient differential operator on Zjr corresponding to the polynomial 
introduced in Section [2j Using multi- indices x G N*^ we may write 

where is the "real" partial derivative operator on Zjj associated with x and |x| < |m|. Ex- 
pressing in terms of Wirtinger type derivatives on Zc, for multi-indices fi, r G N"', such 
that \a\ < |m| > |r|, determines a complexified constant coefficient differential operator 

o",r 

for suitable constants G C. Pulling back by the (real-linear) map A we get 
a£5j:(FoA) = 5]A^';^(9g5gF)oA 

for suitable constants A^'^ G C, and hence 

E^{FoA)=Y, c^dcdliF o A) = E C E <':^(^c^?F) o A = ^ 0(^c^?F) o A, 
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where 

P^, = E<rAZ,- (3.6) 



Returning to the distribution (j3.5|) on B^, one has 

Proposition 3.4. There exist unique constants [z^]m, form G N!j_, such that for all F G C°°{Bc) 
{V, Fm ~ Yl r^^c ° A)(0) (3.7) 



as an asymptotic expansion. 

Proof. By the definition of Y, the real-hnear operator y ^ y"^ from Y into is injective, and 
thus bounded below. It follows that also the (Gc-invariant) pseudohyperbolic distance 

p{y.y*) ■=hy{y*)\l y^Bc, 

is bounded below by a multiple of \\y — if y G Y. Since, by the familiar transformation rule 
for the Jordan determinant he, 

„ , ,2 h(z,zrh(z*,z*r , , ^ 4i,^ 

and h{w,w) < 1 on the closure of Be, with equality if and only if tt; = 0, it follows that Bi, 
has a global maximum on y at y = 0, which also dominates the boundary values of Bi, in the 
sense that By{yk) 1, yk ^ Y , implies that — > 0. We may therefore apply the method of 
stationary phase exactly as in Section 3 of [22] to conclude that for any F G C°°{Bc), for which 
the right-hand side exists for some i' > p — 1, the integral 



VuFiO) = J^F{y)\ det cl>'(0, y)|^,(y)/ic(y, y)"^/' dy 

= |detA| / F(Ax)|det$'(0,Ax)|^^(Ax)/ic(Ax,Ax)-P/2^x 



has an asymptotic expansion as — > +oo 

VuF{0) ~ 1.-^/2 ^ Skidu){F o A)(0)i/-*^ 

A:>0 

for some constant coefficient differential operators Skid^.), with Sk polynomials on Z'^. Since 
is -fC]R-invariant, so must be the Sk] thus they admit a decomposition 

Sk = ^ QkmE"^, Qkm S C, 

|m|<fc 

into the "even" Peter- Weyl components E"^. Interchanging the two summations and setting 



k 



the claim follows. 
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Using the transvections G Gr, for x G Sr, we define a GiR-invariant differential operator 
by putting 

V^{F){x) := E^{F o 7, o A)(0) = J] ^."^^^^^^(F o 7,)(0). (3.8) 

Since 7^; : Be — * is holomorphic, there exist smooth functions 7" : — > C, with \l\ < \a\, 
such that 

5g(i/o7,)(0)=5^7f(x)(9^i?)(x) 

for ah H G 0{Bc) and x G -Br. Since Pjy is Guj-invariant, Proposition 13.41 imphes 

(P.F)(x)~ (3.9) 

for all F e C°°(Bc) and x G Sr. 

Now let m G N!^ and x G N*^ be fixed, with |x| < |m|. Define a (non- invariant) "holomor- 
phic" differential operator 

r^: 0{Bc)^C 

by the formula 



{V^H){x) = 5^P-^5g(i/ O7.)(0)7£(x) = P^fsinxhkx) {d^H){x) (3.10) 



for all X G and H G 0{Bc), where the constants are defined by (j3.6l 
Lemma 3.2. iei G,H e 0{Bc). Then 

V^{GH){x) = ^(P-F)(x)^GR. 

Proof. Since 7^ preserves holomorphy, (|3.10p implies 
V^{GH\x) = E Wc^?(^^(^°7x))(0) 

Q,/3 



E^'.Vc(^°7.)(0)5^(Go7,)(0)= E ^'^;37r(^)(5^^)(x)7£(x)(a^G)(x) 

a,/3 a,f3,L,>{ 



= E 07r(^)7£(x)(9^i^)(x)(9^G)(x)=E(^^^)(^)5^G(x). ■ 

Definition 3.1. For m G N!^, the m-th Moyal component is the differential operator 

p-: 0(Bc)^C°°(i?M) 
defined by the formula 

{p^H){x) = hc{x,xY'^Y.^-ird^{h-'"v^H){x) (3.11) 

for all X G -Br and G 0{Bc). Here 9^ is the "real" partial derivative operator on B^ C Zr, 
and (—1)^(9]^ is its (Euclidean) adjoint. We also write just he for hc{x,x). 
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Proposition 3.5. Let G,H € 0{Bc). Then 

I dxhc{x,x)'^Gi^{p"'H){x)= f dxhcix,x)-P/^V"'{G/I^H){x). (3.12) 

Proof. Since G is holomorphic, we have d^G{x) = d^G{x) for all x G N'^ and x G B^. 
Applying Lemma [312] to G/Iu we obtain 

/ dxhcix,x)^Gi^ip'^H){x) = f dxhc{x,x)-Pl'^jG/Iu){x){p'^H){x) 
= Y,I dx{G/U){x){-ir d^{h~^''v^H){x) 

-Br 

= Y,I dxd^{G/h){x)hc{x,x)-^'\V'^H){x) 

= Y,f dxd^[G/U){x)hc{x,x)-P'\V'^H){x) = I dxhc{x,x)-P/^V'^(GjUH){x). m 

:^ •'-Br ■'-Br 

As a consequence of Proposition 13.51 we obtain 
Corollary 3.4. The differential operators are G^-invariant, i.e., 

p^{Hog){x) = {p^H){g{x)) 
for all H G 0{Bc), g £ Gu and x £ B^. 
Proof. Replacing G/I^ = ^, (|3.12p can be written as 

f dxhc{x,x)-P/^^{x){p"'H){x) = f dxhc{x,x)-P/^V"'{^H){x) 

J Br J Br 

for ^, H £0{Bc). Since V"^ is Gig-invariant by construction (cf. ()3.8p ). the assertion follows. ■ 

The main result of this section yields the desired asymptotic expansion of the Moyal type 
restriction operator pi, in terms of the invariant differential operators p"^: 

Theorem 3.1. For H G 0{Bc) we have an asymptotic expansion 

where p"^ : 0{B£) — > C°°{D^) are G^-invariant holomorphic differential operators independent 
of V and the constants [ 

Ojf^G dctcTuiiTiGd by (I3.7p . 



Proof. Let G,H £ 0{Bc). Applying Proposition [32] and [331 we obtain with ((Ml) and (131^ 

I dxhc{x,xY-^G{x){p,H){x)= [ dz hc{z, z)-PB,{z){G/h){z)H{z) 
Jbk Jbc 

= [ dxhc{x,xyP/^ru(G/LH){x) = y^j^ [ dxhc{x,x)-P/^r"'(G/LH){x) 

JBf,. ^ Mm JBj, 

= yr^l dxhc{x,x)'^G{x){p'^H){x). 

^ Mm JBr 

Since G G 0{Bc) is arbitrary, the assertion follows. ■ 
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Remark 3.1. Most - probably all - of the above extends also to the case of general GiR-invariant 
smooth retractions vr : — > B^, i.e. when 7r~-'^(0) is not necessarily an intersection of Be 
with some real subspace Y, or that the parameterization A : B^ 7r~^(0) is not necessarily 
linear but only smooth. In fact, the application of the stationary phase method in the proof of 
Proposition 13.41 involves only the germs of F and 7r~^(0) (or, equivalently. A) at the origin. Thus 
we may replace the variety 7r~^(0) by its tangent space at G 7r~^(0), and A : B^. — > vr~"'^(0) 
by its differential at the origin. We omit the details. 

4 Asymptotic expansion: the complex case 

In the complex case, where 

Be = B xB = {{z,w) : z,w £ B}, 
Bu = {iz,z) : ze B} 

and B is an irreducible complex Hermitian bounded symmetric domain (of rank r), the Moyal 
type restriction operator 



can be identified with the Moyal type (star-) product (J,y via the formula 

for all f,g € C°°{B). In this case an asymptotic expansion has been constructed in [18], and 
here we show that the general construction described in Section [3] yields precisely the expansion 
of [IB]. This is not completely obvious, since the construction in [T2] is based on the complex 
structure of B whereas the general construction of Section [3] uses the "real" structure of B^. 

The first step is to identify the Berezin kernel By on Sc, defined in (13. 2p . for the complex 
case. We have 

hc{{z,w), iCuj)) = h{z,C)h{(^,w) 
for z,w,C,LO £ B and the involution is given by 

{z,w)^ := {w,'z). 
Therefore 



: C°^{Bc) = e°^{B)^C°°{B) ^ C°°(Bm) 



Bu{z,w) 



hc{{z,w), {z,w)y 
\hc{{z,w), {w,z))\ 



V 



h{z, zyh{w, w) 



V 



h{z, wY h{w, z) 



u 



coincides with the integral kernel for the G-invariant Berezin transform 



By : C°°{B) ^C°°{B) 



on B. This is clearly invariant under 



Gr = {{g,g) ■■ geG) 



where G = Aut {B). The construction in |l8j starts with the asymptotic expansion 



(i3,/)(o)= / dzh{z,zr-^f{z) = y^j^{E^fm 
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of the z^-Berezin transform associated with the usual ToepUtz-Berezin quantization of B. 
Here, for any partition m € N!^, the Pochhammer symbol 

._ rn(z^ + m) 

is defined via the Koecher-Gindikin T-function, and the "sesqui-holomorphic" constant coeffi- 
cient differential operators are defined via the Fock space expansion 



for all z,w & Z. In multi-index notation, 

E^{z,w) =Y,C^pZ^wP, E^ = Y^C^d-W (4.1) 

for suitable constants and multi-indices a,/3 G N"^, such that \a\ < |m| > Since 



E'^{z,w) = E"'{w,z) 
it follows that 

^, = cf.- (4.2) 

Passing to the complexification Zc = Z x Z, with variables {z,W) for ZjW £ Z, we use pairs of 

multi-indices and write and 'd^^ for the associated Wirtinger derivatives. Thus, for functions 
on Be of the form 

if(S)g)iz,w) = f{z)g{w), (4.3) 
we have 

df'd^cU ®9) = (d'^d^f) ^ (p^d^g). (4.4) 

Note that the first and second variable are treated differently, since holomorphic functions on B^ 
correspond to the case where / is holomorphic and g is anti- holomorphic. Let 

A : i?M Be 

denote the M-linear mapping 

A{z,z) = iz,0) 

which is clearly i^K-invariant. Consider the GiR-invariant retraction 

-IT : Be ^ -Br 
defined hy it{z,w) := (w,!!!). Then 

^-1(0) ={(z,0) : zeB} = ABK. 
Lemma 4.1. For F G C°°{B£) we have 

E^iFoA)iO) = ^C^dfd^^'F{0). 

a,l3 
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Proof. We may assume that F(z,w) = f{z)g{w) is of the form (|4.3p . Since 

((/ g) o A){z,z) = (/ g){z, 0) = f{z)g{0) 
it follows from (fOl) and (fO) that 

o A)(0) = (i?'"/)(0)ff(0) = 5]c^(9"a^/)(o)<7(o) 

= EC/3(5g°5?°(/®5))(0). ■ 
Comparing with the coefficients -P^^ introduced by (j3.6p in the general case, it follows that 

for a, /3 E N"^, whereas all other such coefficients vanish. This reflects the fact that A is trivial 
on the second component. For z £ B, let as before 7^ G G be the transvection mapping to z. 
Then we have for a G N*^ and / G 0{B) 

5"(/o7.)(0) = j;7r(^)(97)(^), 

where 7^ are smooth functions on B. As in [18j define a G-invariant operator 

E"^ : C^{B) ^C^{B) 
by putting 

{£^f){z) := E^if oj,){0). 
Then we have for f,g£ 0{B) 

i^^Um^) = ETHm ° 7.)(0) = E^iif o 7.)5^)(0) 

a,l3 a,f3 

= E E C/37^(^)(5-/)(^)7f(^(9W- (4.6) 

Following |18l Section 4] one defines (non-invariant) differential operators TZ^, for any partition 
m G N!j_ and any multi- index x G N'^ with < |m|, via the expansion 

(£:-(/^))(z) = E(^"/)(^)(^^^)W, 

where / G 0{B), g G C°°(B). Comparing with ([32]) it follows that 

a,/3 L 

whenever g is holomorphic. On the other hand, putting 

7^,2 := (72, 7^) G Gk C G X G 
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we have for the "holomorphic" Wirtinger derivatives 

df[{f ^ g) o 7.,J(0, 0) = df[{f o 7,) go^] (0, 0) = o 7,)(0)9/^(<7 o 7,)(0) 

= E7^(^)(^"/)(^)^^^= E^-(^)^^^c'(/®5)(^,^). (4.7) 

We will now compute the (non- invariant) operators "P^, introduced in (j3.10|) . for the complex 
case. Combining (|4.5p and (j4.7|) it follows that the non-zero operators correspond to multi-index 
pairs (x, 0) for x G N'^ and, in view of (j4.2p . 



PS(/05)(^,^) = E ^«^,/307r(^)7^(^)5^°(/®5)(^,^) 



= E C/37f (^)7^(^)(57)(^) 5(^) = {n^f){z)g{z). 

a,l3,L 

This passing to the complex conjugate (also in the proof of the following Proposition) could be 
avoided by working with the "anti-holomorphic" second variable instead. 

The G-invariant bi-differential operators on B, introduced in [181 Section 4], satisfy 

for all f,g £ 0{B), and are uniquely determined by this property since involves only 
holomorphic derivatives in the first variable and anti-holomorphic derivatives in the second 
variable. By [18^ Proposition 6], 



Am{f,g)=A^ig,f) 
for ah f,geO{B). 

Proposition 4.1. Let f,g£ 0{B). Then 

p"^{f^g){^,z)=A^{f,g){^) 
for all z £ B. 

Proof. Since the operators p"^ are defined by taking suitable adjoints on B^, which requires 
another identification, we instead verify that both operators satisfy the same integral duality 
formula. Thus let /,5,(/>,'0 G 0{B). Then, by ([XTT|) . 

/ dzhiz,z)-P^ i;iz)p'^if 0g)iz,z) 
Jb 



d{z,z) hc{{z,z),{z,z))-P/\(P^i;){z,z)p'^{f®g){z,z) 
E / d{z,z)hc{iz,z),{z,z))-P/^d^{cP^i^){z,z)VZif(^mz,z) 

J Bit 



E / dzh{z,z)-P{d>'<t>){z) ^lj{z)g{z){n^f){2 

E / dzh{z,zrP{d>^(t)){z)^g{z){W^J){z, 
^ Jb 



E / dz(t>{z){-dr{h-P^g{n^mz)=Y, [ dz(t>{z)^{z){-dr{h-Pg{lZ^f)){z 
J B ,^ J B 
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= / dzh{z,zyP4>{z)i;{z)A^{g,f){z)= f dzh{z,zyP(l){z)tP{z)A^{f,g){z). 
Jb Jb 

Since <j),il^ £ ^(B) are arbitrary, the assertion follows. Note that the formula p.lip defining 
uses the real derivatives d^., whereas in this section we are using rather the Wirtinger deriva- 
tives d and d on B (corresponding to viewing = B as a domain in rather than M?'^); this 
is reflected by the appearance of the Hermitian adjoint —d^ (rather than —d^) of on the 
third line in the computation above. ■ 



5 Examples 

We begin with the case of the Euclidean space where everything can be computed explicitly. 

Example 5.1. Let B^ = M, so that Bq = C, and Ax := ex for some e € C \ M, \e\ = 1. 
The corresponding retraction vr is just the oblique M-linear projection associated to the direct 
sum decomposition 



the mapping cf) is just ^{x,y) = x + y, and det = 1. The role of the Jordan determinant 
polynomial hc{x,y) is played by the function 

e-^^ x,yGC, (5.1) 

and the "genus" p = while "rank" r = 1. The partitions are just nonnegative integers m = (m), 
and the polynomials are simply 



E'^ix) 




(2m)!' 

Thus = {d + df"'/{2m)l, and 

pm I ,a, ifa + P = 2m, 
otherwise. 

The "transvections" are just the ordinary translations ^xU = ^ ~'r y, which implies that the 
functions 7" equal constant one if a = and vanish otherwise. Feeding all this information 
into (|3T0]) and (|3Tn) . we get 

p2m—2>c 
jym ^ Q2m—>c 

^ {2m — >c)\>c\ 
and, for H e 0{C), 

P H-j2m^^X^y^y (-1) 5m(5 H)-^^d H. 
We next compute the "Pochhammer" symbols [i']xn-, using the formula ()3.4p . By (|5.ip . 



V.F{0)= [ F{y)^^dy= [ F{ey)e-'y" ''Uy. 



22 



M. Englis and H. Upmeier 



Denoting for brevity 1 — Ree^ = — ^(e — e)^ =: c > and making the change of variable 
y = x/ yfoj yields 



P^F(O) = ^ [ F ] e~^' dx. 



We may assmne that F is holomorphic; replacing then F by its Taylor expansion, integrating 
term by term (which is easily justified), and using the fact that jj^x^-'e"^ dx = T{j + ^), 
we finally arrive at 

As E^{F oA){0) = (^i^^^^'^(O), we thus get 

(5.3) 



1 _r(m + i)_ (2m)!r(i) 



Mm (ci/)'"+2 m!4™(ci/)™+2 

where the last equality used the doubling formula for the Gamma function. 

This corresponds to the unnormalized Lebesgue measure on C; it is usual to make a normal- 
ization so that pi^l = 1, i.e. [i^](o) = 1. If this is done then (j5.3p gets divided by the same thing 
with m = 0, that is, it becomes. 



r(m + i) _ (2m) 



Mm r(i)(ci/)™ {e-e)^^i^^m\{-2y 



Note that even though both p"^ and [z^]m depend on e, the sum 



Mm ^„ m!(^)"^i/" 



m ^ J'" m=0 



is independent of it, as it should. 

A similar analysis can be done for = W^, d > 1; cf. the next example. 

Example 5.2. = = M^*^, so that Bq = x C^, where as always we identify Br with 
{{z,z) : zeC^} C Be- For A, we let 

Az = {z,az) (5.4) 

with some fixed a £ C, a ^ 1. The retraction vr is the oblique real-linear projection associated 
to the direct sum decomposition 

X = AC^ e AiC^, 

where Ai is as in (|5.4p but with a = 1. Using again the Wirtinger derivatives d, d rather than d^. 
on = M^"^, we have for any partition m = (m) 

\l3\=m 

with the usual multi-index notation. Recalling that the numbers are, quite generally, 
defined by 

Y.PZdPcdcm = E^{FoAm, (5.5) 
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it follows that 

P-^^^, = I if « + ^ = /5 + 7 = IPI = 

I otherwise. 

(Here we are again using the "double" Wirtinger derivatives etc. as in Section [H) As in the 
preceding example, the role of the "Jordan determinant" he is played by the function 

hc{{z,w), = e-(^l^i)-(-iH (5.7) 



and p = 0. Taking H G 0{Bc) of the form H{z,w) = f{z)g{w) with f,g£ ©(C^), we get as in 
the preceding example 

p-H = j2i-m-d)' E E^.l.^^?3^''^ 

= E ^Ii-«I^''''^^/^ = ^|i-«I^'"(E^^aT^- 

(Here the appearance of {—d)^{—d)^, rather than {—d)^{—d)^, is for the same reason as indi- 
cated at the end of the proof of Proposition 14.11 ) Thus, symbolically, 

ml 

To compute [i']m, we again start from (|3.4|) . Observe that for the function F £ 0{Bc) given by 

F{z,w) = z°''z^ w'^mf , where a + 'y = f3 + 5 = p, 
we have by ()5.5p 

Hence 



r.F{0) = E T^mF o A)(0) = ^al^lal^l 



On the other hand, from (|3.4p and (15. 7p . 
p^F(0)= / F(z,az)e-'^l"l'|i-"l'dz 



7c<^ (|l-a|2z.)lpl 
provided dz is normalized so that [z/]o = 1. Thus (under this normalization) 
[i/]^ = i/™|l-a|2'". 
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Note that, again, 



m ^ m=0 



does not depend on a, even though /o"" and [ 

both do. 

Example 5.3. As a first "non-flat" situation, consider the unit interval = (—1, +1) with 
complexification Bq = D, the unit disc in C; and we take the same A as in Example 15.11 
i.e. Ax = ex, e E T \ M. The constants are thus still given by (j5.2|) . and h£.{x, y) = 1 — xy 
while p = 2. Thus for H G 0(D), 

This time explicit formulas are hard to come by, since the expressions 7^(3;) are quite compli- 
cated. One has, of course, p^^^H = H, while 

p^^'^Hix) = {e- ef[{l - x^fH"{x) - 2x{l - x^)H'{x)\ = {e - ef{H o 7j"(0) 

is the GK-invariant operator uniquely determined by p^^^H{0) = (e — e)^if"(0). Computer-aided 
calculation similarly gives 

p(2)/7(o) = 24(e - efH"{0) + {e - e)^ h'^^\o) , 

p(3)/^(o) = I080(e - efH"{0) + 120(e - e)'^H^^\o) + (e - efH^^\o). 

The leading coefficient in p^"^^H{0) is always rin?{2m — 1)!. 

To compute [i']m-, noting that det <I>'(0, y) = 1 — by Corollarv 13.21 we get from ([37 
and ([3771) . 

y_i 'V|l-e2x2|y (l-x2)2 (2m)![i/]ni 

Denoting F{ex) =: f{x) yields 



1 — e2x2|y 1 — x2 ^ {2m)\[v] 



Taking in particular /(x) = x we obtain 



' -^"#^£Grf-= (5.8) 



Mm 7-1 |l-e2x2|^"l 7o |1_ £2^1^-1 

Writing 



_ = (1 _ e2i)-(.-l)/2(i _ ^2^^-(.-l)/2 ^ ^ I 2 M^2 M ^2(j-fc)^,+fc 



we arrive at the double series 



TV^E 



2(i-fc) 
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The double sum on the right-hand side is the value at x = e, y = £ oi the Horn hyper geometric 
function of two variables |23[ § 5.7.1] 

Fi (m + i, m + 1/ - i, X, y) 

and in general cannot be evaluated in closed form. For particular values of e, there may be some 
simplifications; for instance, for e = i the integral (|5.8p becomes 



1 



r(m + i)r(i/- 1) ^ , , 1 , 

= — ^7 ■ 2Fi{m + ^,1^ - l;m + u - -I) , 

where 2F1 is the ordinary Gauss hyper geometric function. 

We remark that expressions involving values of 2F1 at — 1 occur as eigenvalues of the Berezin 
(or "link") transform corresponding to the Weyl calculus on rank 1 real symmetric spaces, 
cf. Theorem 4.1]. (Also, Horn's hyper geometric functions of another kind - namely, $2 in 
the notation of [23] - appear in the formula for the harmonic Segal-Bargmann kernel on C^, 
see [21j : it is however unclear if there is any deeper relationship.) 

Example 5.4. In this final example we consider = D, embedded in B£ = K) x D in the usual 
way as {(z,z) : z G D}. For A we take the same map Kz = (zjOz) as in Example 15.21 with some 
fixed a £ C, a ^ 1. The corresponding retraction vr : Bq B^ assigns to {z,w) ^B) xO the 
(unique) point x £ D such that ■jx'w = a^xZ- (The existence of such x follows by the following 
argument. For any z, w,u,v G D, the existence of g £ G such that gz = u, gw = v is equivalent 
to the equality 

p{z,w) = p{u,v) (5.9) 

of the pseudohyperbolic distances p{u,v) := | iZ^v l- other hand, if u runs through the 

interval [0,min{l, ^}) and v = au, then p{u,v) runs from to 1; thus (j5.9p holds for some u. 
With g as above, take x = —g~^{0).) 

The constants are then still given by the formula ()5.6p from Example 15.21 while the 

corresponding functions j'^ are easily seen to be given by j'^{z,w) = {z)jllj {w) , where 7f 
are the one-variable functions for the disc from the preceding example. By (13. lip we thus get 
for H{z,w) = f{z)g{w), f,g £ 0(p), and m = (m), 



p^H{z,z) = {i-zw)^^{-d^,ri-dz)U^-z^r' E 



^:{zh^{whZ{whi{z)d'fiz)dng{w) 



Here again (— 9«,)^(— 9z) occurs rather than (— 5^) (— c^^)^, and likewise ^Z{w)'yx(^) rather 
than 'y7c{z)'j^{w) , for the same reasons as in Example 15.21 and in the proof of Proposition 14.11 
For low values of m, one computes that p^^\fg) = f'g (of course), while 

p^'HfMz) = -|1 - a|2(l - \z\')'f'{z)7izj 
is the G-invariant operator from 0(1!) x D) into C°°(ID) uniquely determined by 

p«(/5)(0)=-|l-a|2/'(0)7(0)- 
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Computer-aided calculations give 



and 



11 - a\ 



|1 - a\ 



4(1 + |a|2)/'(0)5'(0) - |1 - a|V" W(0) 



2 fl'/ 



36(1 + \a\' + |an/'(0)<7'(0) - 18|1 - a\\l + \a\')f"{0)g"{0) 



+ |l-a|V'"(Oy"(0) 



To compute [ 

^jm? ^6 note as in Example 15.2] tliat for tlie function F G C^(ID) x ED) given by 
F{z,w) = z°''z^w"'uf , where a + ^ = l3 + 5 = p, 
one has by ()3.7p 

V,F{{)) = aVy^. 

On the other hand, since now det$'(0,A2/) = |1 - a|2(l - \a\'^\y\'^) by Lemma EH we have 
from ([37 



p^F(O) = aV|l - a|2 / z''z/'(l - \a\M^) 



2\u 



{l-\zyY{l-\az\') 



dz 



|l-a|z|2|2!^ (1- |z|2)2(l- |az|2)2- 
Passing to polar coordinates, we thus obtain (writing m instead of p), 



11 - a\ 



t 



(l-|a|2t2) (i_i)^(i_ |a|2i)!^ 



(l-t)2(l-|a|2t)2 



|1 - at\ 



2u 



dt. 



(5.10) 



Using series expansions, the integral can again be expressed in terms of Horn-type two-variable 
hypergeometric functions, and simplifies for some special values of a. In particular, for a = 
the right-hand side of (jS.lOp is just 



Jo 



m\T{iy + l) 
r{i> + m) ' 



so that 



1 r(i.-i) 



Mm r(z/ + m) 

or, upon renormalizing so that = 1, 

T{v + m) 
T{v) 

in agreement with the result 



I sr^ Aynif, g) 



from [18] reviewed in Section [H Similarly, for a = — 1, (jS.lOp becomes 
1 4r(2z^ - 2) 



r(m + 2v-l) 



2Fi{2u -l,m + l;m + 2u-l; -1), 
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or, upon renormalizing dz so that [vjo = 1, 
1 2 



Mm (21^-1,... 

Crude estimates also show that 



2Fi(2i/ -l,m+l;m + 2u -1; -1) 



[Z/Jm ~ |1 - a| 



1 — arz^ 



as z/ ^ +00, which can be used to check at least for the first few terms that, again, 



is indeed independent of a, although both and [ 

^]m are not. Note that the retraction tt in 

this case (a = — 1) is simply 

■k{z,w) = m^,^, 
the geodesic mid-point between z and w. 



A Table of parameters of real bounded symmetric domains 

The table on the next page lists the groups Gk, Kr, the root type S, the rank rjR, characteristic 
multiplicities ok, b^, ck and the dimension d of real bounded symmetric domains as well 
as the analogous parameters rc, ac, &c of the complex domains Bq and the labellings of Bq 
and -Br following the notation in [301 Chapter 11]. The table was mostly compiled using [37 1 126 1 
[M] and [3^. The low-dimensional isomorphisms between the various types, and the resulting 
restrictions on subscripts needed in order to make the table entries non-redundant, can be found 
e.g. in the cited chapter in Loos [30]. As a matter of notation, we use Gn(IK) and Up^q{K.) for 
the identity component of the general linear (resp. pseudo-unitary) group over K = M, C,EI 
(= quaternions). Sp2r(J^) is the 2r x 2r-symplectic group over lEC = R, C, whereas On(lHI) is the 
quaternion analogue of On(C) (usually denoted by SO*{2n)). 

The genus of Bq is given in terms of the domain parameters by 

P= (rc - l)ac + bc + 2, 

while the dimension d = diniR B^ = dime -Be equals 

, rR{rR - 1) rc(rc - 1) 
" = OM + m = ac + rc 

for type A, and 

d = riK(r]K - l)aiK + r^bu + mOR + = I^il^E — Hqc + rc6c + rc 

for all other types. Domains of type D2 turn out to have, in some sense, two multiplicities a 
instead of one. 

Note that the unit interval corresponds to if'i, the unit ball of M™, m > 1, to /f^, the unit 
ball of C™" to /i,m) the unit ball of the algebra of quaternions H to /2'2mi the unit ball of H™', 
m > 1, to l2^2m^ ^'^d the unit ball of the Cayley plane to V'^. In the "complex" cases, 
the root type does not quite make sense ("BCxBC") and nor do the parameters ac, be, rc, 
while Be is just the product B x B; so these columns are left empty. 



Br 


Gr/Kr 


S 


m 


Or 




CR 






rc 




be 


-Be 


r,r+b 


Ur-r4-h(M)/Ur(M.) X f/,. iftfR) 


Dr/Br 


r 


1 


b 





r(r 4- b) 




r 


2 


b 




I 


^ r^r-\-b\^ } 1 ^ } ^ ^r+by^} 




T 


2 


2b 


1 


2r(r -4- h) 










( nvoHnrt rasp i 


^2r,2r+2b 


U A_K(M)lU..iWi X U _L^fED 


Cr./BCr. 


T 


4 


46 


3 


47^/' 7- _|_ h) 




2r 


2 


2b 


l2r,2r+2b 








2 


3 


4 





16 




2 


6 


4 


Y 


Illf 






r 


1 






irfr + 1) 

2 V ' / 




r 


1 





Illr 


jC 
r,r 


Gr{C)/Ur{C) 




r 


2 










r 


2 









Gr(M)/Urm 


.4 J' 


r 


4 






r(2r - 1) 




r 


4 





Ihr 


YjOo 


G^m/uM 


-Da 


3 


4 
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3 


8 





VI 


Illr 


Sp2r(M)/C/,(C) 




r 


1 





1 


r(r + 1) 










(product case) 


ml 


5p2r(C)/C/^(IHI) 




r 


2 





2 


r(2r + 1) 




2r 


1 





Ilhr 




02r+e(C)/f/2r+e(M) 


Dr/Br 


r 


2 


2e 





r{2{r + e) - 


1) 


r 


4 


2 


Il2r+e 


Ihr+e 


02r+em/U2r+e{C) 




r 


4 


Ae 


1 


2r{2{r + e) - 


1) 








(product case) 


^ ^p+q 


SOp,i X 50i,g/50p,o X SOo,, 


D2/A2 


2 


n/a 








p + q 




2 


p + 1? - 2 





IVp+q 


IVn 


SOn,2/SOn,0 X 50o,2 




2 


71-2 





1 


2n 










(product case) 


V 


^6(-i4)/'5pi^(10) X SO{2) 




2 


6 


8 


1 


32 










(product case) 


IV^ 


SOn,l/SOn,0 


Ci 


1 







n — 1 


n 




2 


n - 2 





IVn 


yO 


F^-20)/SO{9) 


BCi 


1 




8 


7 


16 




2 


6 


4 


V 


VI 


E7(-25)/Ee X S0{2) 




3 


8 





1 


54 










(product case) 


yjO 


^6(-26) X 0(2)/F4 X 0(1) 


As 


3 


8 
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